THEOREM 1. A group G has a free nonabelian subgroup if and only if there are two subsets M, N of G and two elements a,b of G such that:
(1) M U N., = G (2 ) aM n bN = 0 ( 3 ) aM U bN c M Π N .
LEMMA. Let X be a set of elements of a group G such that if x e X then x~ι g X and let Y be the set of x and x~ι for x e X. Suppose that to each ye Y is associated a subset U y of G such that yeUy, 1$ U y , and for all y, ze Y such that yz Φ 1, we have yU z a U y .
Then the subgroup generated by X is free.
Proof of the lemma. By induction on length we show that any reduced word of positive length in elements of X is in the union of the U y and thus it is not the identity.
Proof of Theorem 1. Assume G has a free subgroup H on two free generators α, b and let R be a set consisting of one element from each right coset of H in G such that 1 e R. Let M be the set of all elements wr for reR and w a reduced word in H not beginning with a~ι and let N be the set of all elements zr for reR and z a reduced word in H not beginning with b~ι. Then the conditions of the theorem are satisfied.
Conversely, suppose that the conditions of the theorem are satisfied for subsets M, N and elements α, b. First we observe that we may assume (4) and the three conditions of Theorem 1. (The proof, which we omit, is straightforward. To establish condition (3) for the replacement sets we use baMabN, which is a consequence of (3) for the given sets M, N.) Next we observe that we may assume (5) leMnN.
For example, if lgJIf then leN by (1) . Also by (1) and (3) Proof. This theorem is a consequence of a theorem by Dixmier (cf. [3, p. 4] ). The conditions in Dixmier's theorem are equivalent to the same conditions with the functions restricted to characteristic functions.
A class of groups is a generalized elementary class in case it is the class of models of a (possibly infinite) set of first-order sentences (cf. [5, p. 92, problem 2]). An easy application of the compactness theorem (cf. 5, p. 70]) shows that any generalized elementary class of groups that contains all finite groups also contains an extension of every residually finite group. Also every free group is residually finite (cf. [4, p. 116] ), so every free group has an extension in any generalized elementary class that contains all finite groups. It follows that neither the class of groups with free nonabelian subgroups nor the class of nonamenable groups is the class of models of a finite set of first-order axioms because in each case the complementary class is not a generalized elementary class. The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
Mathematical papers intended for publication in the Pacific Journal of Mathematics should be in typed form or offset-reproduced, (not dittoed), double spaced with large margins. Underline Greek letters in red, German in green, and script in blue. The first paragraph or two must be capable of being used separately as a synopsis of the entire paper. The editorial "we" must not be used in the synopsis, and items of the bibliography should not be cited there unless absolutely necessary, in which case they must be identified by author and Journal, rather than by item number. Manuscripts, in duplicate if possible, may be sent to any one of the four editors. Please classify according to the scheme of Math. Rev. Index to Vol. 39. All other communications to the editors should be addressed to the managing editor, Richard Arens, University of California, Los Angeles, California, 90024. 50 reprints are provided free for each article; additional copies may be obtained at cost in multiples of 50.
The Pacific Journal of Mathematics is published monthly. Effective with Volume 16 the price per volume (3 numbers) is $8.00; single issues, $3.00. Special price for current issues to individual faculty members of supporting institutions and to individual members of the American Mathematical Society: $4.00 per volume; single issues $1.50. Back numbers are available.
